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INTRODUCTION

This marking scheme was used by WJEC for the 2019 examination. It was finalised after
detailed discussion at examiners' conferences by all the examiners involved in the
assessment. The conference was held shortly after the paper was taken so that reference
could be made to the full range of candidates' responses, with photocopied scripts forming
the basis of discussion. The aim of the conference was to ensure that the marking scheme
was interpreted and applied in the same way by all examiners.

It is hoped that this information will be of assistance to centres but it is recognised at the
same time that, without the benefit of participation in the examiners' conference, teachers
may have different views on certain matters of detail or interpretation.

WJEC regrets that it cannot enter into any discussion or correspondence about this marking
scheme.
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GCE FURTHER MATHEMATICS

A2 UNIT 4 FURTHER PURE MATHEMATICS B

SUMMER 2019 MARK SCHEME

1. |z| = /32 442 =5 B1
a
) arg(z) = tan‘lg =093 B1 Condone degrees
o 7 = 5093 B1 | Radian form
b)
i) 37 = %60.31”@ IXIll ;Tl(a) o
7, = ¥5e%31 = 1,63 + 0.52i (1.63,0.52) rooi"mp extorm for
7, = V5240 = —1.26 + 1.15i (—1.26,1.15) m1 | 2
z3 = Y5e*5% = —0.36 — 1.67i (—0.36,—1.67) A1l | A1for all correct
coordinates
ii) | Equilateral (triangle) B1
2. 3( 2t >+4 1—t? ) M1
a) 1+¢t2 1+t2
3( 2t >+4 1—t? ) 1+ t?
1+t2 1+1t2 1+1t2
2 — 2
= u Al Convincing
1+¢2
b) | 6t+2—6t* M1
1+¢t2
6t + 2 — 6t% =3+ 3t Al
9t2—-6t+1=0
Solving, eg (3t —1)2 =0 m1 | mO no working
R Al
3
tanlx — l M1 | Attempt to solve for X.
23 FT their t
1 .
—x = 18.43° 4+ 180°n Al | Accept radians:
2 0.322 + nm
x = 36.87° + 360°n Al | 0.644 + 2nn
3. METHOD 1:
a) |det=2(12+16)+7(0—-14)+2(0+21)=0 M1A1
~ the equations do not have a unique solution E1l FT det
METHOD 2:
Reduction to echelon form (M1)
Correct matrix to determine nature of solutions, eg (A1)
2 =7 2 a
0 33 =-22| 11b
0 33 -—22|-7a—2c
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Correct statement

-7/11

El
eg No unique solutions when 11b = —7a — 2¢ (E1)
b) | METHOD 1:
1 8 —-6|5 M1
2 4 6 |-3
-5 —4 91-7
By row operations:
1 8 —6| 5 .
(0 12 18 _13> Al Riductlon to
0 36 —21118 0
Then 0
1 8 —-6]5
0 —-12 18|-13 Al Reduction to
0 0 331-21 (1 )
0
Therefore 0 0
-7 17 5
zZ=— y=— X == cao A2 | Alforany 2 correct
11 132 33
METHOD 2:
Rearranging x = 5 — 8y + 6z and Substituting: (M1)
2nd equation: =12y + 18z = —13
3rd equation: 36y — 21z = 18 (A1)
Solving, (m1)
-7 17 5 (A2) | Alforany 2 correct
Z =— y=— X =— Cao
11 132 33
METHOD 3:
1 8 -6 5
LetA=| 2 4 6 |andB =| -3
-5 —4 9 -7
det = 1(36 + 24) — 8(18 + 30) — 6(—8 + 20) = —396
1 60 —48 72
A"l = 396 —-48 -—-21 -18 (M1) | MO no working
12 =36 -—12 (A1)
Therefore,
X=A"B
1 60 —48 72 5
X=—g5:|—48 21 -18](-3 (m1)
12 -36 -—-12/ \-7
5/33
X = (17/132) cao (A2) | Alforany 2 correct
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4. | x = coty M1
dx
3 vl cosec?y Al
dx
—=—(cot’y +1
O (cot*y +1) Al
dx
—=—-(x?+1) Al
dy
d_y = _—1 Al Convincing
dx x*+1
b) | 6x*-10x—-9 A +Bx+C
Cx+3)(x*+1) 2x+3 x2+1 M1 | Use of
6x?>—10x—9=A(x?>+ 1)+ (Bx + C)(2x + 3) Al
When x = —1.5, 19.5 = 3.254
oo A = 6 A]_
Whenx =0,-9=4+3C
~C=-5 Al
Co-efficients of x?: 6 = A + 2B
~B=0 Al
6x>—10x—-9 6 5
2x+3)(x2+1) 2x+3 x2+41
c) 6x> —8x—6
(2x+3)(x?+1)
6 5 N 2x + 3
T2x+3 x24+1 (2x+3)(x2+1) M1 | FT(b)
_ 6 4
T 2x+3 x2+1 Al
) f ( 6 4 )d
T\ 3T e+ ) M1
=3In|2x + 3|+ 4cot™ 1 x + ¢ Al1A1 | Accept —4tan~1x
Penalise -1 for no
constant term
d) | The expression is undefined when x = —1.5 El
(and —1.5 is in the range of integration.)
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5.
6+ 36 6 — 360

3 sin9—sin39=2cos( > )sin( > ) M1

= 2 cos 260 sin(—0) Al

= —2cos 20 sin(0) Al
b) | y=2cos20sinf+7 =—sinf +sin30 +7 B1 FT (a)

Mean vaIue=%f13(— sin@ + sin 30 + 7)do M1

—1[ o -~ 39+79]3

=5 cos 3 cos 1 Al

1 1 1 1
:E(COS3—§COS9+7XS)—E(COSI—§COS3+7) m1 Use of limits
= 6.22 Al
If MO, award SC1 for
6.22 unsupported

6. | Auxiliary equationr? — 7r + 10 = 0 M1

Rootsr =2andr =5 Al

General solution y = Ae>* + Be?* B1

Differentiating, M1

d

=Y — 54e5% + 2Be?* Al

&

d

£ o 254e5% + 4Be? Al

dx?

Substituting. M1

1=5A+2B

8 =254+ 4B Al

Solving,

A=2/50rB=-1/2 oe Al 1 correct value

2 1
— 2 5x _ — ,2x Al
y z e e
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7. | Use of formula booklet expansion with —x M1
a) x? x3
ln(l—x)z—x—7—? Al
b) METHOD 1:
X
—Zln((1 x)z) =2[In(1 = x) — 2In(1 + x)] M1AL
x% x3 x% x3
=2 (_x_7_?>_2<x_7+?>] Al | FT their (a)
=-2x|[-3x+ LA
=- —3xt——x
=6x —x% +2x3 Al | cao
Mark final answer
METHOD 2:
let f(x) = =2In(555;) (= -2In(1—x) +4In(1 +x)}
f(0)=0
f(x)—;'l'm f'(0)=6 (M1)
fr')=21-x0"7-41+x)"2% f"(0)=-2
f"x)=41-x)"2+810+x)"2 f"(0)=12
Therefore,
1-x\ 2\ (12
—2In (7(1 +x)2) =0+x(6)+x (—5) +x (?)
1—x _ 2 3
—2ln (m) = 6x x“ + 2x (A3) cao
Al each correct term
Mark final answer
5
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8. | y=rsinf =sin(26)sin b M1
a) |dy | .
0= sin(26) cos 8 + 2 sin 6 cos(20) A2 A1 each term
When parallel to initial line:
d_y = sin(26) cos 6 + 2sin B cos(20) = 0 m1l d_y =0
dao do ~
METHOD 1:
sin(20) cos § = —2sin 0 cos(26)
tan(260) = —2tan6
Ztanf = —2tanf m1l Use of double-angle
1 —tan?f formulae
2tan36 — 4tan6 = 0
2tan @ (tan?60 —2) =0 Al | Solveable form
tand =2 (ortanf = 0 ortan @ = —/2) Al
Therefore, 6 = 0.955 r =0.943 A2 Al each part
FT their tan 6 provided 8
in range and M1mim1l
METHOD 2:
2sin Bcos?g + 2sin 6 (2 cos?§ — 1) = 0 (m1) | Yse of double-angle
formulae
25in6 (3cos?6—1) =0 (A1) | Solveable form
1 1
cosf =+ (orsin® = 0orcosf = (A1)
Therefore, 6 = 0.955 r =0.943 (A2) | Al each part
FT their cos 8 provided 6
in range and M1m1im1l
b) | (0.544,0.770) B1 FT (a)
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9. METHOD 1:
a) |dy 1 :
— =—"—"——X—sin#
dé /1 - (cos6)? - M1A1
dy 1 « —sing
dd  sin@ st Al
dy
a0~ 1 Al
METHOD 2:
siny = cos 8 (M1)
dy | p
cosy—5 = —sin (A1)
dy —sin6
dé  cosy
cos?y =1—sin’y
-'.cosy=\/1—sin2y=\/1—c0529=sin9 (A1)
dy —sinf
dd  sinf (A1)
b) | Differentiating M1
dy =x3x——=x4 + 3x?xtan"!(4x)
dx 1+ (4x)2 AlAl | A1 for each term
_Tay_
When x = > e 10.8(42) Al
c) METHOD 1:
d 1
dy _ 1 M1A1
dx 1—-(1-x)2
METHOD 2:
tanhy =1-—x
sech®y —
y_ -t -t -1 (A1)
dx sech?y 1—tanh?y 1-—(1-—x)?
THEN:
dy 100
Whenx = 1.7,—= = ——and y = —0.8673 B1B1 | B1for each part
dy
Gradient of normal = % B1 FT value of -~
Equation: y + 0.8673 = % (x—1.7) B1 cao
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10. | Dividing both sides by sec x: M1
d cosx
& + 4 - = 2cosx
dx  sinx
Integrating factor: Pyl M1
= elnsinx — gjp Al
Multir:ily}//ing both sides: M1
sinxd—+ycosx = 2sinxcosx (= sin2x)
x
Integrating: m1l
) — Cos 2x )
ysinx =——-— +c Al | Orequivalent
Substituting
3=—+4+¢c - c=-— B1
2 2
Solution: y sinx = _COZS 2x +§
T .. T 5 5v2
== -=2 == Bl
When x pysing=- - y== (3.536)
11. | Area= folxsinh(x) dx
a) 1
= [x cosh x] 1_ f cosh x dx M1A1 | Al forall correct
0
0
=[x cosh x] 3 — [sinh x] 3 Al
1
= 0368 (3) Al
MO unsupported
answer
b) | volume=n fol cosh?(2x) dx M1
1
T
= Ef(l + cosh 4x)dx Al
0
=2 |+ ~sinh4 | ! A
= |x +gsinh4x|
=12.3 Al
c) | 24.6 B1 FT (b) x 2
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12. 1 4
a) dx = [cosh_l _] M1A1 | MO unsupported
\/x2 - 213 answer
= 0.355 Al
2
) f L 3+x”2 M1A1
927 6 3=l
K k, 5
==(In5 — In2) ==In-
6 ( 6 2) Al
METHOD 1:
25 5\ 2 5
ln: =In (5) = 211’1;
Equating, 1
2 EmS=2ms m
6 2 2
k=12 AL
METHOD 2:
Equating:
k 25
(n5—n2) =In - (m1)
k_»
6
k=12 (A1)
¢) | METHOD 1:
sinh? x + cosh? x — sinh 2x
= sinh? x + cosh? x — 2 sinh x cosh x M1
= (coshx — sinh x)? Al
f(coshx—sinhx)3d _f( N inhx) d
(cosh x — sinh x)2 X = Jleosix=sinixjax Al
= sinhx — coshx + ¢ Al
_et—e™ ex+e"‘+
=—e " +c Al | Convincing
METHOD 2:
sinh? x + cosh? x — sinh 2x
= sinh? x + cosh? x — 2 sinh x cosh x (M1)
= (cosh x — sinh x)? (A1)
(coshx — sinh x)3 4 _f . hxd AL
(cosh x — sinh x)2 X = | cosix—sinixax (A1)
e*+e™* e¥—e™*
_ _ Al
f ( i ; >dx (A1)
= f e *dx (A1)
——e X4 ¢ (A1) | convincing
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METHOD 3:

e*+e™ e¥—e™*

hx —sinhx = —
coshx — sinhx 5 >

cosh? x = (

2 4

e + e"‘)z B e e %X 42

2

. h2 —
sin® x < 7

cosh? x + sinh? x — sinh 2x

ex _ e—x>2 er + e—Zx _

(cosh x — sinh x)3

(cosh x — sinh x)2

_ er + e—Zx + 2 er + e—Zx _ 2 _ e—Zx
B 4 4

e 72X 42 N e +e72x -2 202X
B 4 4 4
Therefore,

_f (e™)?
) e 4e 42 L e -2 20 —2e7
4 4
o—3%
=fe_2x dx
=fe‘xdx
=—e*+c

(1)

(1)

(1)

(A1)
(A1)

Simplified fully

For either cosh? x or
sinh? x simplified

Common
denominator

Convincing

1305U40-1 WJEC GCE A Level (New)
Further Mathematics - Unit 4 Further Pure Mathematics B
MS S19/DM
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